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A B S T R A C T

Grain boundaries influence hydrogen transport in polycrystalline metals by acting as both trapping
sites and interconnected diffusion pathways. Conventional interpretations of thermal desorption
spectroscopy (TDS) and permeation experiments often treat traps as isolated defects, neglecting
grain boundary connectivity and potentially misinterpreting experimental data. Here, we develop a
quantitative phase-field model for hydrogen diffusion, grain boundary trapping, and grain boundary-
assisted transport. The formulation preserves the physical grain boundary volume independently of
the numerical interface thickness and accounts for anisotropic diffusion parallel and perpendicular to
grain boundaries. Benchmark simulations verify quantitative behavior under interface upscaling. The
model shows that grain boundary diffusion can significantly shift TDS peaks, making Kissinger-type
analyses unreliable when grain boundary transport is significant. Effective diffusion coefficients are
also shown to depend strongly on grain size, trapping free energy, temperature, and grain boundary
mobility. These results highlight the coupled role of trapping thermodynamics, bulk diffusion, and
grain-boundary transport.

1. Introduction
Hydrogen produced from renewable electricity is widely

regarded as a key energy carrier for decarbonizing industrial
processes, energy storage, and transportation. Its deploy-
ment, however, places stringent demands on the safety and
durability of structural materials used in hydrogen pro-
duction, storage, and transport systems. Because hydrogen
has a low ignition energy, a wide flammability range, and
is commonly stored and transported at high pressures to
achieve practically useful energy densities, the structural
integrity of pipelines, storage vessels, and pressure-bearing
components exposed to hydrogen environments is of central
importance.

A major materials-related challenge in this context is
hydrogen embrittlement. Owing to its small atomic size, hy-
drogen readily penetrates most metals and diffuses rapidly
through their crystal lattices, even at ambient temperatures.
Once absorbed, hydrogen can severely degrade mechanical
properties, leading to reduced ductility and premature brittle
failure. Despite decades of research, hydrogen embrittle-
ment remains only partially understood and is known to
depend sensitively on alloy composition, temperature, me-
chanical loading conditions, and hydrogen exposure history
[1, 2, 3]. Comprehensive overviews of proposed embrittle-
ment mechanisms are available in the literature [4, 5, 6, 1,
7, 8]. A common feature among these mechanisms is the
central role of hydrogen diffusion and redistribution within
the material [3, 6, 2].

For many structural alloys of interest to hydrogen energy
applications, such as steels, the equilibrium solubility of
hydrogen in the bulk lattice is very low [2]. Nevertheless,
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hydrogen embrittlement can occur even at low average
concentrations, i.e., a few wt. ppm of H [2], because hydro-
gen preferentially accumulates at microstructural defects,
including grain boundaries (GBs), dislocations, vacancies,
carbides, and other second-phase features [4, 6]. These
defects act as trapping sites where local hydrogen con-
centrations can be orders of magnitude higher than in the
surrounding lattice, with atomistic studies reporting enrich-
ment factors exceeding 300 at some grain boundaries [9],
thereby strongly influencing both the total hydrogen content
and the effective transport behavior [6, 10]. Among these
defects, GBs are of particular importance because they are
both ubiquitous in engineering alloys and interconnected
at the macroscopic scale, allowing them to act not only as
trapping sites but also as long-range transport pathways.
Both aspects mainly depend on the atomic structure and
composition of the GBs [11, 12, 13, 14]. This dual role was
demonstrated for pure nickel by Oudriss et al. [13], who
showed that high-angle GBs can act as fast diffusion path-
ways, whereas low-angle GBs are dominated by trapping.
This conclusion was also supported by ab-initio modeling
[15].

Two experimental techniques are widely used to charac-
terize hydrogen transport and trapping in metals: thermal
desorption spectroscopy (TDS) and hydrogen permeation
measurements. In a typical TDS experiment, hydrogen-
charged specimens are heated at a controlled rate while the
evaporated hydrogen is monitored, producing a desorption
spectrum that reflects a convolution of trapping thermo-
dynamics and transport kinetics [16, 17]. In permeation
experiments, the time evolution of hydrogen flux through
a sample is measured and subsequently interpreted in terms
of an effective diffusion coefficient [18]. In both cases, in-
terpretation remains challenging because multiple trapping
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sites and diffusion pathways may contribute simultaneously
to the measured signal. Classical analysis methods, such as
Gaussian peak fitting and Kissinger-type analysis, used for
TDS analysis or effective diffusion expressions derived for
isolated traps based on permeation experiments, do not ex-
plicitly account for the spatial distribution and connectivity
of microstructural defects [19, 20, 21, 22, 10]. As a result,
the extracted trapping energies, trap densities, or diffusion
coefficients may conflate thermodynamic trapping effects
with kinetic transport phenomena.

To support the interpretation of such experiments, a
range of diffusion-trapping models has been developed.
One-dimensional diffusion-trapping frameworks can repro-
duce TDS spectra with reasonable accuracy but do not
explicitly resolve microstructural features such as GBs,
grain size, or defect connectivity [23]. Phase-field methods
offer a powerful alternative by enabling spatially resolved
representations of microstructures and their influence on
hydrogen transport [24, 25, 26, 27]. However, conven-
tional phase-field formulations rely on diffuse interfaces
whose numerical thickness greatly exceeds the physical
nanometer-scale thickness of GBs [28]. This may lead
to artificial dependence of predicted hydrogen concentra-
tions, fluxes, and kinetics on numerical interface thickness
rather than on physical material parameters [25, 26]. Such
interface-scaling artifacts pose a fundamental obstacle to
the quantitative interpretation of TDS and permeation ex-
periments, and to reliable upscaling toward engineering-
relevant length scales. Hussein et al. recognized this issue
and introduced an empirical scaling factor to mitigate the
effect of the enlarged diffuse-interface width [26]. However,
a thermodynamically consistent scaling formulation is still
needed, together with benchmark tests demonstrating that
the scaling preserves both the equilibrium GB hydrogen
excess and the diffusion fluxes parallel and perpendicular
to the GB.

The central problem addressed in this work is therefore
the development of a quantitative phase-field formulation
for hydrogen diffusion and GB trapping, where “quanti-
tative” means that total trapped hydrogen content in the
GB and fluxes parallel and perpendicular to the GB are
invariant with respect to the numerical thickness of the dif-
fuse GB. This is essential if physical GBs with nanometer-
scale thickness are to be represented on computational
grids suitable for mesoscale polycrystalline microstructures.
Within this framework, two application-oriented questions
are investigated. First, how does GB diffusion influence
the interpretation of TDS spectra and the apparent trapping
energies obtained from Kissinger-type analyses? Second,
how should effective hydrogen diffusion coefficients de-
rived from permeation experiments be interpreted when
GBs form an interconnected transport network rather than
acting as isolated traps?

To address these questions, we develop a quantitative
phase-field model for hydrogen diffusion and GB trapping
that (i) enforces local thermodynamic equilibrium between
bulk lattice and GB regions, (ii) preserves the physical GB

volume (i.e., number of trapping sites) independent of nu-
merical interface scaling, and (iii) accounts for anisotropic
hydrogen mobility parallel and perpendicular to GBs. The
model is formulated in a general thermodynamic and kinetic
framework compatible with CALPHAD-based descriptions
[29], enabling application to a wide range of alloying
systems. The microstructure is assumed to be static, and
mechanical effects, such as stress-assisted diffusion and
evolving defects, are intentionally excluded in order to
isolate the influence of GBs on hydrogen transport.

The framework is systematically verified through bench-
mark problems designed to test equilibrium trapping, steady-
state fluxes, transient kinetics, and numerical upscaling
behavior in one, two, and three dimensions. It is then applied
to two experimentally relevant problems: the interpretation
of TDS spectra in the presence of GB diffusion, and the
analysis of effective diffusion coefficients in polycrystalline
microstructures as a function of grain size, trapping en-
ergy, temperature, and GB mobility. By addressing these
problems within a single quantitative and microstructure-
resolved framework, this work aims to bridge the gap
between nanoscale trapping physics, mesoscale microstruc-
tural transport, and experimentally accessible observables
relevant to hydrogen energy applications.

Readers primarily interested in the experimental impli-
cations of the model may proceed directly to Applications I
and II. The model framework and benchmark sections
provide the methodological basis and numerical verification
of the approach, but the main physical findings concerning
TDS interpretation and effective hydrogen diffusion are
discussed in the application sections.

2. Model framework
In this section, we describe the proposed phase-field

model used for hydrogen diffusion and trapping. Different
grains or phases of the material are described by non-
conserved order parameters 𝜙𝑖. For most phase-field mod-
els, these fields evolve in time to describe phase trans-
formations or grain growth by means of the Allen-Cahn
equation [30, 31]. For diffusion and trapping of hydrogen,
however, we neglect the movement of these grains/phases,
because the low temperatures considered here make GBs
immobile. The order parameter profiles are still necessary
to describe the GBs, and thus the microstructure. Therefore,
the microstructure is generated using a different phase-
field model, previously developed within our group [32].
By controlling the input parameters of this model, we can
obtain a realistic equiaxed microstructure with a selected
mean grain size.

The physical GBs of interest have characteristic thick-
nesses on the nanometer scale, whereas phase-field simula-
tions typically resolve microstructures at much larger length
scales. In this context, a parameter called the normalized
interfacial thickness 𝜆̃1 as defined by Feyen et al. [28], will

1The symbols used in this work are summarized in Tables 1 and 2.
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Table 1
List of symbols used in the model framework.

Symbol Unit Description

𝜙𝑖 − Non-conserved order parameter representing grain or phase 𝑖
𝑁𝜙 − Number of order parameters
ℎB − Interpolation function representing the local bulk volume fraction
ℎGB − Interpolation function representing the local grain boundary volume fraction
𝜆̃ − Normalized interfacial thickness
𝑡int,PF m Numerically selected phase-field interfacial thickness
𝑡int,phys m Physical grain boundary thickness
𝐶int − Interfacial scaling factor used in the interpolation functions
𝑉GB m3 Total grain boundary volume
𝐴GB m2 Total grain boundary area
𝑉 m3 Total system volume
𝐶H molm−3 Total hydrogen concentration
𝐶H,B molm−3 Hydrogen concentration in the bulk lattice
𝐶H,GB molm−3 Hydrogen concentration in the grain boundary
𝑦H − Total lattice site fraction of hydrogen
𝑦H,B − Lattice site fraction of hydrogen in the bulk
𝑦H,GB − Lattice site fraction of hydrogen in the grain boundary
𝑓lattice − Sublattice fraction, equal to 𝑛∕𝑚
𝑚 − Number of host-lattice atoms per unit cell
𝑛 − Number of interstitial sites per unit cell
𝑉UC m3 Unit-cell volume
𝑉m m3 mol−1 Molar volume of the alloy in the absence of hydrogen
𝑁A mol−1 Avogadro constant
𝑁T molm−3 Total amount of grain boundary trapping sites per unit volume
𝜇H Jmol−1 Chemical potential of hydrogen
𝜇H,B Jmol−1 Chemical potential of hydrogen in the bulk
𝜇H,GB Jmol−1 Chemical potential of hydrogen in the grain boundary
𝜇H,G Jmol−1 Chemical potential of hydrogen in the gas phase
𝜇H,B,0 Jmol−1 Reference contribution to the bulk hydrogen chemical potential
Δ𝜇H,b,GB Jmol−1 Grain boundary hydrogen binding free energy
𝐸trap Jmol−1 Trap binding-energy magnitude
𝑅 Jmol−1 K−1 Gas constant
𝑇 K Temperature
𝑀at,H m2 mol J−1 s−1 Atomic mobility of hydrogen
𝐌PF,H m2 mol J−1 s−1 Phase-field hydrogen mobility tensor
𝑀⟂ m2 mol J−1 s−1 Mobility component perpendicular to the grain boundary
𝑀∥ m2 mol J−1 s−1 Mobility component parallel to the grain boundary
𝑀at,H,B m2 mol J−1 s−1 Atomic mobility of hydrogen in the bulk
𝑀at,H,GB m2 mol J−1 s−1 Atomic mobility of hydrogen in the grain boundary
𝑀at,H,B,0 m2 mol J−1 s−1 Pre-factor contribution to the bulk atomic mobility of hydrogen
𝑀at,H,GB,0 m2 mol J−1 s−1 Pre-factor contribution to the grain boundary atomic mobility of hydrogen
𝐧GB − Unit normal vector to the grain boundary
𝐈 − Identity tensor
𝐽⟂ molm−2 s−1 Hydrogen flux density perpendicular to the grain boundary
𝐽∥ molm−2 s−1 Hydrogen flux density parallel to the grain boundary
𝑡 s Time

be used to describe the scaling of the simulation:

𝜆̃ =
𝑡int,PF
𝑡int,phys

. (1)

Here, the 𝑡int,PF is the numerically selected interfacial thick-
ness of the order parameter profile, which can range from
millimeters to nanometers depending on the grain size, and
𝑡int,phys is the true grain/phase boundary thickness, which is
on the order of nanometers [33].

2.1. Physical assumptions and modeling choices
The phase-field model is formulated under the following

physical assumptions, which define its range of applicability
to hydrogen diffusion, trapping, and desorption in polycrys-
talline metals:

Static microstructure: The microstructure is assumed
to remain stationary during hydrogen diffusion and thermal
desorption. GB motion, grain growth, and phase transfor-
mations are neglected. Phase-field order parameters are
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Table 2
List of symbols used in the benchmarks and applications.

Symbol Unit Description

𝑑grain m Average grain size
𝐿𝑥, 𝐿𝑦, 𝐿𝑧 m Sample dimensions in the 𝑥-, 𝑦-, and 𝑧-directions
Δ𝑥 m Grid spacing
𝑛𝑥, 𝑛𝑦, 𝑛𝑧 − Number of grid points in the 𝑥-, 𝑦-, and 𝑧-directions
𝐶H,GB,eq molm−3 Equilibrium hydrogen concentration in the grain boundary
𝑁H mol Total amount of hydrogen in the sample
𝑁H,GB mol Amount of hydrogen trapped at grain boundaries
𝑟M,GB − Ratio between grain boundary and bulk hydrogen mobility
𝐷B,0 m2 s−1 Bulk hydrogen diffusion prefactor
𝐸migr Jmol−1 Migration energy for lattice diffusion of hydrogen
𝐷H,B m2 s−1 Chemical diffusion coefficient of hydrogen in the bulk
𝐷H,GB m2 s−1 Chemical diffusion coefficient of hydrogen in the grain boundary
𝐷eff ,ss m2 s−1 Effective steady-state diffusion coefficient
𝐷eff ,ts m2 s−1 Effective transient-state diffusion coefficient
𝐷eff ,Or m2 s−1 Oriani effective diffusion coefficient
𝐽H molm−2 s−1 Hydrogen flux density
𝐽H,⟂ molm−2 s−1 Hydrogen flux density perpendicular to the grain boundary
𝐽H,∥ molm−2 s−1 Hydrogen flux density parallel to the grain boundary
𝐽H,B molm−2 s−1 Hydrogen flux density through the bulk
𝐽H,GB molm−2 s−1 Hydrogen flux density through the grain boundary
𝐽H,∥,total mol s−1 Total hydrogen flux parallel to the grain boundary
𝐽H,total,ss mol s−1 Steady-state total hydrogen flux
𝑡lag s Lag time used to determine the transient effective diffusion coefficient
𝑃H Pa Hydrogen partial pressure
𝑃Char Pa Hydrogen pressure during charging
𝑃UHV Pa Hydrogen pressure under ultra-high vacuum desorption conditions
𝑇̇ K s−1 Heating rate
𝑇peak K TDS peak temperature
𝐽H,peak mol s−1 Maximum hydrogen desorption flux in a TDS spectrum
𝐽TDS,eq mol s−1 Equilibrium TDS desorption flux
𝐸a Jmol−1 Apparent activation energy obtained from Kissinger analysis
𝐾GB − Grain boundary trapping equilibrium constant
𝜃T − Trap occupancy
𝑐T molm−3 Average trapped hydrogen concentration
𝑐L molm−3 Average lattice-bound hydrogen concentration

therefore used solely to represent the spatial distribution of
grains and GBs.

Grain boundary thermodynamics: GBs are treated
as regions with a finite physical thickness (on the order
of nanometers [34]) and thermodynamic properties distinct
from the bulk lattice. Hydrogen experiences an altered
chemical potential in the GB, represented through a bind-
ing free energy. The total physical GB volume, and thus
the number of trapping sites, is assumed to be fixed and
independent of numerical interface scaling.

Interstitial diffusion: Hydrogen diffuses exclusively as
an interstitial species in a stationary host lattice. Substitu-
tional transport and lattice motion are neglected. The molar
volume is assumed to be independent of hydrogen concen-
tration, which is justified by the low solubility of hydrogen
in endothermic occluders such as iron-based alloys [2].

Local thermodynamic equilibrium: Hydrogen occu-
pying bulk lattice sites and GB sites is assumed to be in
local thermodynamic equilibrium at every spatial location,

implying equality of chemical potentials. This corresponds
to Oriani’s local equilibrium condition [10] and is justified
when trapping and detrapping kinetics are fast in relation to
diffusion. Such conditions are expected for nanometer-scale
GB regions, where atomic jump frequencies are sufficiently
high for local equilibrium to be rapidly established, as
supported by recent analyses based on the McNabb-Foster
model [35].

Anisotropic mobility: Hydrogen mobility is allowed
to differ parallel and perpendicular to GBs. Transport per-
pendicular to the GB is assumed to be governed by bulk
diffusion, neglecting any additional interface influence due
to the small physical thickness of the GB relative to the
grid spacing. GB-assisted diffusion is therefore confined to
directions parallel to the boundary plane and can be larger
or smaller compared to the bulk diffusivity.
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Neglect of mechanical effects: Stress-assisted diffu-
sion, elastic contributions to the hydrogen chemical poten-
tial, and hydrogen-stress coupling are neglected. The system
is assumed to be mechanically unloaded.

Single trap type: GBs are the only explicitly modeled
trapping sites. Other defects, e.g., dislocations, vacancies,
and precipitates, are not considered here, but could be
incorporated in future extensions of the model. The number
of trapping sites is assumed to remain constant during the
simulation. As a first step, only one general GB trapping free
energy is considered here, whereas in reality, the properties
for each GB type differ significantly [36, 14, 26].

Thermal conditions: Temperature is assumed to be
spatially uniform and varies only as a function of time
according to a prescribed heating rate, consistent with TDS
and permeation cell conditions.

Boundary conditions: At external surfaces, hydrogen
is assumed to be in local thermodynamic equilibrium with
the surrounding gas phase, described by a prescribed chem-
ical potential of hydrogen. This boundary condition gov-
erns hydrogen exchange during charging and desorption,
enabling direct representation of experimental conditions
such as thermal desorption spectroscopy and permeation
experiments.

Under these assumptions, the model is applicable to
hydrogen diffusion and trapping in single-phase, polycrys-
talline metals with static microstructures. It is particularly
suited for single-phase polycrystalline metals in which GBs
act as reversible trapping sites and interconnected transport
pathways, such as ferritic and austenitic steels, and single-
phase nickel alloys.

2.2. Grain boundary trapping and
thermodynamics

Hydrogen will diffuse interstitially in most metals
[6]. This can be modeled by a sublattice model, as de-
fined by the CALPHAD method [29]: (𝑀1,𝑀2, ...)𝑚 ∶
(𝐻, 𝐼2, 𝐼3, ...,Va)𝑛. With 𝑀1, 𝑀2, ... the metal atoms in
the sublattice 1, 𝐻 the hydrogen atoms, 𝐼2, 𝐼3, ... other
interstitial atoms, Va the vacancies in the sublattice 2 (i.e.,
empty interstitial sites), 𝑚 the number of atoms in sublattice
1 in the unit cell, and 𝑛 the number of interstitial sites in the
unit cell (BCC m=2, tetrahedral sublattice: n=12 , octahedral
sublattice: n=6 and for FCC m=4, tetrahedral sublattice:
n=8 , octahedral sublattice: n=4): . In this case, we assume
that the first sublattice is always fully occupied (i.e., there
is a negligible vacancy concentration). Hydrogen can only
occupy the interstitial sublattice 2. Note that additional
atoms, such as carbon, can be present in sublattice 2 as
well. We define the concentration of hydrogen 𝐶H, using
the sublattice description as:

𝐶H =
𝑛𝑦H

𝑉UC𝑁A

=
𝑛𝑦H
𝑚𝑉m

= 𝑓lattice
𝑦H
𝑉m

.

(2)

Here, 𝑦H is the site fraction of hydrogen in sublattice 2, 𝑉m
the molar volume of the alloy in the absence of hydrogen,
𝑉UC the volume of the unit cell, and the sublattice fraction
𝑓lattice = 𝑛∕𝑚 which is a constant depending on the
sublattice model. It is assumed that the molar volume 𝑉m
does not change significantly with the addition of hydrogen,
which is justified when the alloy exhibits a low solubility of
hydrogen.

In the proposed phase-field model, we apply the Kim-
Kim-Suzuki (KKS) model, widely known to be used for
describing diffusion in the interface of two phases during
diffusion-controlled phase transformation in a quantitative
manner [37]. In the proposed model, we solely apply the
KKS model to the GB, treating it effectively as a different
phase. We justify this by stating that within the GB structure,
the chemical potential of hydrogen is different from the
bulk; hence it acts as a trapping site when it is lower
compared to the bulk. The total hydrogen concentration
(𝐶H) can then be split into the bulk concentration (𝐶H,B)
and the GB concentration (𝐶H,GB). We can define the first
auxiliary equation of the KKS model, which describes the
mass balance as:

𝐶H = ℎB𝐶H,B + ℎGB𝐶H,GB. (3)

Equivalently, using Equation (2):

𝑦H = ℎB𝑦H,B + ℎGB𝑦H,GB. (4)

In this equation 𝑦H,B and 𝑦H,GB represent the lattice site
fraction of hydrogen in the bulk and the GB, respectively.
ℎB and ℎGB are specifically chosen interpolation functions
in function of the order parameters 𝜙𝑖,𝑗,..., representing the
local volume fraction of the bulk phase and the GB, such
that:

ℎB + ℎGB = 1. (5)

In this work, interpolation functions were defined in the
style proposed by Moelans, often used to represent the
volume fraction of bulk phases [38]. Here, these functions
are extended to treat GBs as a separate phase-like contri-
bution, which requires interaction terms between pairs of
order parameters. In addition, an interfacial scaling factor
is introduced to preserve the physical GB volume when the
phase-field interface thickness is scaled:

ℎB =
∑𝑁𝜙

𝑖=1 𝜙
2
𝑖

∑𝑁𝜙
𝑖=1

(

𝜙2
𝑖 +

∑𝑁𝜙
𝑗≠𝑖

𝐶int (𝜆̃)
𝜆̃ 𝜙𝑖𝜙𝑗

∑𝑁𝜙
𝑘≠𝑖,𝑗

(

1 − 𝜙𝑘
)

) , (6)

ℎGB =

∑𝑁𝜙
𝑖=1

∑𝑁𝜙
𝑗≠𝑖

𝐶int (𝜆̃)
𝜆̃ 𝜙𝑖𝜙𝑗

∑𝑁𝜙
𝑘≠𝑖,𝑗

(

1 − 𝜙𝑘
)

∑𝑁𝜙
𝑖=1

(

𝜙2
𝑖 +

∑𝑁𝜙
𝑗≠𝑖

𝐶int (𝜆̃)
𝜆̃ 𝜙𝑖𝜙𝑗

∑𝑁𝜙
𝑘≠𝑖,𝑗

(

1 − 𝜙𝑘
)

) .

(7)

Here, 𝐶int is an interfacial scaling factor that depends only
on the simulation scale through 𝜆̃. 𝐶int is defined such that
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the true volume of all grain boundaries in a simulation 𝑉GB
is independent of the scale of the phase-field interfacial
thickness 𝑡int,PF (assuming that the interface thickness is
small compared with the local radius of curvature of the GB,
𝑡int,PF∕𝑅GB ≪ 1):

𝑉GB = ∫𝑉
ℎGB(𝜆̃)d𝑥d𝑦d𝑧

= 𝐴GB𝑡int,phys ≠ 𝑓 (𝜆̃).
(8)

Here, 𝑥, 𝑦, and 𝑧 are the spatial coordinates of the system,
and 𝐴GB is the total GB area. The values of 𝐶int(𝜆̃) are
calculated numerically based on the chosen normalized
interface thickness 𝜆̃ of a system containing a single flat
grain boundary (see Appendix A). The independence of the
GB volume from the phase-field interfacial thickness is of
utmost importance to provide quantitative results from the
model and to make sure that the total amount of GB trapping
sites per unit volume (𝑁T) will not depend on the resolution
of the simulation (𝑡int,PF). The total amount of GB trapping
sites can be calculated as follows:

𝑁T = 𝑓lattice
𝑉GB
𝑉

1
𝑉m

. (9)

Here, 𝑉 is the total system volume.
Note that the interpolation functions also incorporate a

correction term
(

1 − 𝜙𝑘
)

, which reduces excess trapping
sites at triple junctions resulting from overlapping order
parameters.

The second auxiliary equation of the KKS model as-
sumes local equilibrium, often described as the equality of
diffusion potentials, between two or more phases for sub-
stitutional diffusion. In the case of interstitial diffusion, this
translates into the equality between the chemical potentials
of hydrogen in the bulk phase 𝜇H,B and the GBs 𝜇H,GB:

𝜇H,B(𝐶H,B) = 𝜇H,GB(𝐶H,GB) = 𝜇H. (10)

In which 𝜇H is the chemical potential of hydrogen in the
system, which drives diffusion. At every position in the
microstructure, hydrogen will be distributed over the GB
(where the GB fraction ℎGB > 0) and the bulk phase,
assuming local equilibrium (based on Equation (10) and
(3)), similar to Oriani’s assumption [10]. Note that the
proposed model can be extended straightforwardly to con-
sider different types of GBs, each with a different chemical
potential and mobility, by assigning separate interpolation
functions to specific pairs of order parameters. In that case,
Equation (3) and Equation (10) would contain additional
terms.

The chemical potential of hydrogen in the bulk phase
for a given alloy composition and temperature is modeled
by a regular solution model. This model was identified as
the formulation used in the Thermo-Calc Software TCFE13
database [39]. The bulk chemical potential of hydrogen is
given by:

𝜇H,B =𝜇H,B,0(𝑇 , 𝑦M1,B, 𝑦M2,B, ...) +𝑅𝑇 ln 𝑦H,B

− 𝑅𝑇 ln
(

1 − 𝑦H,B − 𝑦I2,B − ...
)

.
(11)

Here, 𝑅 is the universal gas constant, T is the temperature,
𝑦M1,B, 𝑦M2,B, ... are the lattice site fraction of the metal
atoms in sublattice 1 in the bulk and 𝑦𝐼2,𝐵 , ... are the inter-
stitial atoms in sublattice 2 in the bulk phase. The reference
bulk chemical-potential parameter 𝜇H,B,0 can be extracted
from thermodynamic databases, such as TCFE13 [39], as
done in this work.

The chemical potential of H in the GB is chosen to
be modeled similarly to the bulk phase, with the addition
of the hydrogen binding free energy of the GB. The bind-
ing free energy is written as Δ𝜇H,b,GB = 𝜇H,GB − 𝜇H,B,
with attractive trapping corresponding to Δ𝜇H,b,GB < 0.
The commonly reported trapping energy magnitude is then
𝐸trap = −Δ𝜇H,b,GB when entropic contributions are ne-
glected. However, any description for Δ𝜇H,b,GB can be used,
which can depend, for example, on temperature, as recently
shown by MD simulations of the iron-hydrogen system,
in which the trap binding free energy was calculated [40].
Using the trap binding free energy, the chemical potential of
H in the GB can be defined as:

𝜇H,GB =𝜇H,B,0(𝑇 , 𝑦M1,GB, 𝑦M2,GB, ...) +𝑅𝑇 ln 𝑦H,GB

−𝑅𝑇 ln
(

1 − 𝑦H,GB − 𝑦I2,GB − ...
)

+ Δ𝜇H,b,GB.

(12)

With 𝑦M1,GB, 𝑦M2,GB, ... the lattice site fraction of the
metal atoms in sublattice 1 in the GB and 𝑦I2,GB, ... the
interstitial atoms in sublattice 2 in the GB. Note that lattice
site fractions are often referred to as occupancies (𝜃T for a
trap and 𝜃L for the lattice) in literature concerning hydrogen
[6].

2.3. Diffusion formulation and kinetics
As discussed in the previous paragraph the model is

based on two sublattices: a host lattice of metallic atoms,
assumed to be static and an interstitial sublattice containing
species like hydrogen. Using the diffusion equation for
interstitial transport in the lattice-fixed frame, with the host
lattice taken as stationary, we derive, following Andersson
and Ågren [41]:

𝜕𝐶H
𝜕𝑡

= ∇ ⋅
(

𝑀at,H 𝐶H∇𝜇H
)

. (13)

Here, 𝑀at,H denotes the atomic mobility of hydrogen. In
the phase-field formulation, however, we introduce a phase-
field mobility 𝐌PF,H, which is a tensor, to account for
anisotropic hydrogen diffusion in the GBs, with different
mobilities parallel and perpendicular to the GB plane. In
addition, spatial variations in both atomic mobility and
hydrogen concentration between the bulk and the GB are
included in the phase-field mobility. To incorporate the
anisotropy effect, a projection of the mobility tensor onto
the local GB normal is applied, as schematically illustrated
in Figure 1. Similar projection approaches were also used by
other authors [42, 43]. Expressing the hydrogen concentra-
tion in terms of the lattice site fraction using Equation (2),
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Figure 1: Projection of the mobility onto the GB, which
results in a decomposition of the overall flux into the per-
pendicular flux 𝐽⟂ and the parallel flux 𝐽∥.

we can obtain the final diffusion equation:

𝜕𝑦H
𝜕𝑡

= ∇ ⋅
(

𝐌PF,H∇𝜇H
)

(14)

With 𝐌PF,H:

𝐌PF,H =𝑀⟂
(

𝐧GB ⊗ 𝐧GB
)

+𝑀∥(𝐈 − 𝐧GB ⊗ 𝐧GB) (15)

Here ⊗ denotes the tensor (outer) product, and 𝐧GB is the
unit normal vector to the GB. The perpendicular and parallel
mobility components 𝑀⟂ and 𝑀∥ are defined as:

𝑀⟂ =𝑀at,H,B𝑦H,B, (16)

and

𝑀∥ = ℎB𝑀at,H,B𝑦H,B + ℎGB𝑀at,H,GB𝑦H,GB. (17)

This formulation ensures that diffusion perpendicular to
the GB is governed solely by the bulk atomic mobility,
independent of the chosen phase-field interfacial thickness.
It is thus assumed that diffusion through the nanometer-
sized physical GB would be of negligible influence on the
perpendicular diffusion. This assumption is supported by
the extreme aspect ratio between the GB thickness (≈ 1
nm [34]) and diffusion distances in TDS experiments (µm
- mm). Nevertheless, the proposed framework is sufficiently
flexible to accommodate alternative physical assumptions.
For instance, if the detrapping barrier is considered to be
very high, the perpendicular flux can be further reduced by
incorporating this effect directly into Equation (16). The dif-
fusion parallel to the GB is controlled by a combination of
bulk and GB diffusion, while remaining independent of the
numerical value of the phase-field interface thickness 𝑡int,PF,
due to the nature of the proposed interpolation functions ℎB
and ℎGB.

The atomic mobility, according to the definition of An-
dersson and Ågren, contains the vacant lattice site fraction
[41]. In our case, we model this explicitly, due to the fact
that for a high hydrogen binding free energy (Δ𝜇H,b,GB), the
trapping site will be nearly full, and the number of empty
interstitial sites will be limiting the diffusion through the
GB:

𝑀at,H,B =𝑀at,H,B,0(𝑇 , 𝑦M1,B
, 𝑦M2,B

, ...)(1 − 𝑦H,B) (18)

and in the GB:

𝑀at,H,GB =𝑀at,H,GB,0(𝑇 , 𝑦M1,GB
, 𝑦M2,GB

, ...)(1 − 𝑦H,GB)
(19)

The parameter 𝑀at,H,B,0 can be obtained directly from
kinetic CALPHAD databases, whereas 𝑀at,H,GB,0 must be
estimated from atomistic methods, such as molecular dy-
namics or DFT calculations [40, 34]. In this work, the effect
of this parameter is investigated systematically. Note that the
atomic mobility is related to the tracer diffusion coefficient
through the Einstein relation, 𝑀at,H,B,0 = 𝐷∗

H,B∕(𝑅𝑇 ),
when the driving force is expressed as a gradient in chemical
potential [44]. In the dilute limit, where the thermodynamic
factor approaches unity, the tracer diffusion coefficient is
equal to the chemical diffusion coefficient. This approxi-
mation is appropriate for hydrogen diffusion in the bulk
considered here.

2.4. Numerical implementation
The governing equations are solved using an explicit

finite-difference scheme on a regular Cartesian grid. At
each time step, the total hydrogen site fraction is advanced
using the diffusion equation, after which local redistribution
between bulk lattice and GB sites is enforced under the
assumption of local thermodynamic equilibrium. The de-
tailed derivation of the update equations and the numerical
solution strategy are provided in Appendix B.

To enable efficient simulations on realistic three-
dimensional microstructures, the model was implemented
in a parallelized framework targeting graphics processing
units (GPUs). The core numerical routines were developed
using the CUDA framework (NVIDIA) and compiled into
a MEX executable, allowing simulation setup, execution,
visualization, and post-processing to be performed within
the MATLAB environment. In addition, a CPU-based MAT-
LAB implementation was developed and used for verifica-
tion and debugging purposes. All scripts are freely available
at Mendeley Data [45].

The numerical framework supports a range of boundary
conditions to accommodate different experimental and mod-
eling scenarios. Periodic boundary conditions, Neumann
boundary conditions with zero diffusive flux, and Dirichlet
boundary conditions applied to the bulk hydrogen lattice
site fraction can be specified by the user. In addition,
local thermodynamic equilibrium between the bulk lattice
and the external hydrogen gas can be assumed at these
boundaries through a prescribed expression for the chemical
potential of hydrogen in the gas phase, 𝜇H,G, as a function of
temperature and hydrogen partial pressure. This flexibility
enables direct simulation of hydrogen charging, permeation,
and thermal desorption spectroscopy (TDS) experiments.

3. Model verification and benchmarks
To verify the proposed framework for quantitative

GB diffusion, we introduce a set of benchmark problems
designed to test the quantitative behavior of the model.
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Experimental validation was not pursued in this work for
several reasons. First, such validation would require care-
fully controlled TDS and permeation experiments on well-
characterized, pristine samples. Second, thermodynamic
and kinetic GB parameters are required as model inputs with
sufficient accuracy. Third, the present model explicitly con-
siders only GBs as trapping sites, while other defects, such
as dislocations, vacancies, and precipitates, are not included.
Finally, as will be shown in Application I, room-temperature
TDS measurements may not reveal a distinct GB-related
signal if GB diffusion contributes significantly to hydrogen
transport. For these reasons, the model is verified using
benchmark problems that isolate the relevant physical
mechanisms and allow direct comparison with analytical
solutions. In the following benchmarks and applications,
the GB mobility is treated as an unknown parameter. For
simplicity, it is expressed relative to the bulk hydrogen
mobility. We therefore define the GB mobility ratio as
𝑟M,GB = 𝑀at,H,GB,0∕𝑀at,H,B,0, which is used as a control
parameter in the parametric studies and benchmarks. Al-
though 𝑀at,H,GB,0 is generally not known a priori, the model
remains useful because it enables its effect to be explored
systematically at experimentally relevant microstructural
length scales. The following benchmarks demonstrate that
the framework can be applied directly at the experimental
or microstructural scale, while Applications I and II show
how it can support the interpretation of TDS and permeation
experiments.

3.1. Benchmark 1: Equilibrium hydrogen
trapping at the grain boundary

The first benchmark is intentionally easy to interpret. A
domain is constructed containing a single GB located at the
center of the system, represented by the overlap of two order
parameters (see Figure 2). A constant hydrogen concentra-
tion in the bulk (𝐶H,B) is applied at the external boundaries
of the domain, and the system is allowed to equilibrate.
During equilibration, hydrogen partitions between the bulk
and the GB until global thermodynamic equilibrium is
achieved. The equilibrium hydrogen concentration in the
grain boundary 𝐶H,GB,eq can be calculated analytically using
Equation (10). Once equilibrium is reached, the amount of
hydrogen trapped at the grain boundary 𝑁H,GB is evaluated
and should be equal to:

𝑁H,GB =𝑉GB𝐶H,GB,eq

=𝑉GB
𝑓lattice
𝑉m

1

1 + 1−𝑦H,B
𝑦H,B

exp
(Δ𝜇H,b,GB

𝑅𝑇

) . (20)

This procedure is then repeated for different grid spacings
while keeping the same number of grid points across the
diffuse interface (i.e., changing the resolution of the phase-
field simulation). In doing so, the normalized interfacial
thickness 𝜆̃ (see Equation (1)) is varied over several orders
of magnitude, from 1 up to 106, effectively scaling the
numerical phase-field interface thickness.

For a quantitatively correct model, the amount of hy-
drogen trapped at the GB must remain constant and be
determined solely by the physical GB thickness and the
trapping energy, independent of the numerical scaling. The
results of this benchmark conducted in 1D, 2D, and 3D are
shown in Figure 2. It is clear from Figure 2 that the GB

Figure 2: Benchmark 1: Relative error in the total amount
of hydrogen trapped at the GB compared to the analytical
solution as a function of the normalized interfacial thickness.
The error remains below 0.02% for all cases, indicating that
all formulations are equivalent for practical applications.

hydrogen concentration remains invariant with respect to the
interface scaling (from the true GB thickness (𝜆̃ = 1), up
to an interface thickness of six orders of magnitude larger
(𝜆̃ = 106)) and is independent of the dimensionality of the
simulation (all curves overlap).

3.2. Benchmark 2: Equilibrium flux
perpendicular to the grain boundary

The second benchmark assesses whether the hydrogen
flux perpendicular to a GB remains independent of the
numerical interface scaling. Because physical GBs are only
a few nanometers thick, transport across the boundary is
assumed to be governed entirely by bulk diffusion. In other
words, the time required for hydrogen to traverse the GB
itself is negligible compared to the time required to diffuse
through the surrounding bulk material. This behavior is
enforced in the model through Equation (16). To rigorously
test the formulation, the benchmark evaluates not only the
effect of interface scaling and simulation dimensionality,
but also the influence of the GB mobility. Physically, the
GB mobility should not affect the flux perpendicular to
the boundary, as dictated by Equation (16). In the bench-
mark setup, a single GB is positioned at the center of
the simulation domain, and a constant bulk hydrogen con-
centration gradient (∇𝐶H,B) is imposed across the system.
The thermodynamic description of the hydrogen chemical
potential corresponds to that of a regular solution model. As
a result, an analytical expression for the steady-state flux,
corresponding to Fick’s first law [46], can be obtained using
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the bulk atomic mobility and concentration:

𝐽H,⟂ = 𝐽H,B
= −𝑀at,H,B𝐶H,B∇𝜇H,B
= −𝐷H,B∇𝐶H,B

(21)

The numerical results are shown in Figure 3. As illustrated

Figure 3: Benchmark 2: Relative error in the steady-state
flux perpendicular to the GB compared to the analytical
solution as a function of the normalized interfacial thickness.
The error remains below 1% for all cases, indicating that all
formulations are equivalent for practical applications.

in Figure 3, the computed flux is independent of the inter-
face scaling, the dimensionality of the simulation, and the
GB mobility (all curves overlap).

3.3. Benchmark 3: Equilibrium flux parallel to the
grain boundary

The third benchmark naturally follows from Benchmark
2 and evaluates the steady-state hydrogen flux parallel to
the GB. The total flux parallel to the GB (𝐽H,‖,total) can be
expressed as the sum of the bulk flux and GB flux. If the GB
normal is aligned with the 𝑦-direction and the concentration
gradient is imposed parallel to the GB plane, the total flux
is:

𝐽H,‖,total =𝐽H,‖,B,total + 𝐽H,‖,GB,total

=∬ 𝐽H,Bd𝑥d𝑦 +∬ 𝐽H,GBd𝑥d𝑦

= − 𝐿x((𝐿y − 𝑡int,phys)𝑀at,H,B𝐶H,B∇𝜇H
+ 𝑡int,phys𝑀at,H,GB𝐶H,GB∇𝜇H)

= − 𝐿x((𝐿y − 𝑡int,phys)𝐷H,B∇𝐶H,B

+ 𝑡int,phys𝐷H,GB∇𝐶H,GB).

(22)

Here, the first term represents the total flux through the bulk
of the material over the domain area (in the x-y-direction),
while the second term accounts for diffusion along the GB
over its physical thickness 𝑡int,phys. The relative error on the
GB flux (𝐽H,‖,GB,total) is shown in Figure 4. As demonstrated
in Figure 4, the numerically computed total flux parallel to
the GB agrees with the analytical prediction for all tested

Figure 4: Benchmark 3: Relative error in the steady-state
flux parallel to the GB compared to the analytical solution
as a function of the normalized interfacial thickness. The
error remains below 1% for all cases, indicating that all
formulations are equivalent for practical applications.

interface thicknesses (varying 𝜆̃), GB mobilities (𝑀GB), and
simulation dimensionalities (all curves overlap).

Although the previous three benchmarks demonstrate
that the steady-state hydrogen flux is captured correctly, it
is also essential to validate the transient- or kinetic-behavior
of the model. This is discussed in an additional benchmark
in Appendix C, omitted here for the sake of brevity.

3.4. Benchmark 4: Upscaling desorption test
A defining strength of a quantitative phase-field model

is its ability to upscale the numerical interface thickness far
beyond the nanometer-scale physical GB thickness while
preserving the relevant nanoscale physics. This yields three
key advantages. First, it enables the resolution of mesoscale
microstructural features, such as individual grains in a poly-
crystal, while preserving the underlying nanoscale physics,
such as GB trapping and diffusion. Second, increasing the
numerical length scale, 𝑡int,PF, relaxes the stability constraint
on the time step in the diffusion equation (Equation (14)),
allowing for larger time steps and thus faster simulations.
Third, a larger numerical length scale reduces the number of
grid points required to represent a system of fixed physical
size, further decreasing the computational cost.

In this benchmark, two simulations describing the same
physical microstructure are compared. The first employs
a grid of 100 × 100 × 100 points containing nine grains
(Figure 5). The second represents the identical microstruc-
ture but uses a coarser grid of 50 × 50 × 50 points, cor-
responding to a grid spacing that is twice as large, i.e.,
𝑡int,PF,coarse∕𝑡int,PF,f ine = 2. This scaling factor cannot be
chosen arbitrarily large, because both the diffuse interface
and the microstructural features must remain numerically
resolved. In particular, the diffuse-interface thickness should
remain small compared with the smallest microstructural
feature of interest [47]. Apart from the numerical resolution,
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both simulations describe the same physical system; conse-
quently, their thermodynamic and kinetic trapping behavior
should be identical.

To assess this, a thermal desorption spectroscopy (TDS)
simulation is performed. The sample is first precharged
with hydrogen and allowed to reach equilibrium. Vacuum
boundary conditions are then applied at the sample surfaces
in the 𝑥-direction, after which the temperature is increased
at a constant heating rate until all hydrogen is released.
This benchmark also probes the influence of triple junctions
on hydrogen trapping, for which a compensation term was
introduced in Equations 6 and 7. The primary quantity of
interest is the peak of the TDS spectrum, corresponding
to the maximum hydrogen flux (𝐽H,peak) at a specific peak
temperature (𝑇peak), which is associated with detrapping
from GBs. This peak is compared for the simulations with
the coarse and the fine grid to estimate the relative error:
(𝐽H,peak,coarse − 𝐽H,peak,f ine)∕𝐽H,peak,f ine.

The benchmark is repeated for different normalized
interfacial widths of the fine meshed simulation (𝜆̃f ine =
𝑡int,PF,f ine∕𝑡int,phys) by varying the grid spacing, while the
grid spacing of the coarse simulation is always kept twice
as large. All simulations were conducted in 2D and 3D
and for different GB mobility ratios. Figure 5 summarizes
the results for all normalized interfacial thicknesses in both
two- and three-dimensional simulations. The small absolute
error, below 3%, observed in the peak desorption flux con-
firms that nanoscale GB trapping and diffusion behavior are
accurately preserved upon upscaling to physically relevant
mesoscale resolutions. The residual error can be attributed
to the unavoidable loss of accuracy associated with the
coarser grid spacing: small grains and junctions are not
reproduced perfectly, and the number of trapping sites there-
fore differs slightly between the fine and coarse simulations.
At 𝜆̃ = 1, this difference is 1.6%. This small error represents
a favorable trade-off, since the coarse simulation reduces the
computational time by a factor of 43.

4. Application I: TDS interpretation
4.1. Effect of grain boundary diffusion on TDS

spectra
A key application of the proposed model, following

validation of its quantitative behavior, is the investigation
of how interconnected hydrogen traps, GBs in particular,
affect thermal desorption spectroscopy (TDS) spectra. To
this end, three-dimensional simulations were performed on
the same equiaxed microstructure (see the inset of Figure 6).
In each case, the sample was first charged with hydrogen
by means of gas charging. Subsequently, ultra-high vacuum
(UHV) boundary conditions were applied at the surfaces
normal to the 𝑥-direction, and the temperature was gradually
increased while monitoring hydrogen desorption flux. The
time between charging and TDS measurement under ultra-
high vacuum (UHV) conditions was modeled to be negligi-
ble, avoiding H losses to the environment.

Figure 5: Benchmark 4: Relative error in the peak flux of
the TDS spectrum, compared with the corresponding fine-
mesh simulation, for different GB mobility ratios (𝑟M,GB =
𝑀at,H,GB,0∕𝑀at,H,B,0) in two and three dimensions. The abso-
lute errors remain below 3%, reflecting the unavoidable loss
of accuracy associated with the coarser spatial resolution.
Nevertheless, as long as the grain structure is properly re-
solved, the formulation is identical for practical applications.

Since rapid diffusion along GBs may shift part of the
desorption signal to temperatures below room temperature,
cryogenic simulations were conducted, starting from 50K.
This allows the low-temperature desorption contribution
associated with GB transport and trapping to be captured, in
line with the motivation of cryogenic TDS experiments [48].
Since cryo-TDS is experimentally more demanding and
less commonly used, room temperature TDS simulations
were also conducted with charging and desorption initiated
at 300K. All other parameters were kept identical. The
baseline input parameters are summarized in Table 3; further
details are provided in the input parameter scripts [45]. The
parameter set is representative of BCC iron, highly relevant
for the pipeline and pressure-vessel applications, but the aim
is neither to reproduce the response of a specific material
system nor to mimic a realistic experimental TDS protocol
[51]. Instead, the simulations are designed to isolate the
general effect of finite GB mobility on idealized TDS
spectra. The literature reports a broad range of values for the
GB binding free energy, reflecting the strong dependence
of hydrogen trapping on the atomic structure of the grain
boundary [40, 34, 52, 48]. For illustrative purposes, the GB
binding free energy (Δ𝜇H,b,GB = −𝐸trap) was assumed to
be temperature independent and was set to −55 kJmol−1.
This value lies within the reported range, and additional
parametric studies showed that the main conclusions drawn
here remain qualitatively similar for other trapping energies.

The resulting cryogenic TDS spectra for a heating rate
of 5K min−1 are shown in Figure 6. In addition to the
simulated TDS spectra, an equilibrium TDS curve is in-
cluded. This curve represents the limiting response that
would be obtained if the sample remained in equilibrium
with the UHV gas phase at each temperature during the TDS
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Table 3
Main input parameters used in the TDS simulations.

Parameter Value

Sublattice fraction 𝑓lattice 6
Bulk migration energy 𝐸migr 9312 Jmol−1 [49]
Bulk diffusion prefactor 𝐷B,0 1.379 × 10−8 m2 s−1 [49]
GB mobility ratio 𝑟M,GB 0, 0.01, 0.1, 1, 10, 100
Molar volume 𝑉𝑚 7.09×10−6 m3 mol−1 [50]
GB binding free energy Δ𝜇H,b,GB −55 kJmol−1

Plate thickness, 𝐿𝑥 1 mm
Grid size 𝑛𝑥 × 𝑛𝑦 × 𝑛𝑧 200 × 40 × 40
Grid spacing Δ𝑥 5 µm
Physical interface thickness 𝑡int,phys 1 nm [34]
PF interfacial thickness 𝑡int,PF 30 µm
Normalized interfacial thickness 𝜆̃ 3 × 104
Number of grains 𝑛grains 117
Average grain size 𝑑grain 87 µm
H Charging pressure 𝑃Char 1 × 107 Pa
Charging temp. 𝑇Char 50, 300K
Desorption pressure 𝑃UHV 2.5 × 10−7 Pa
Heating rates 𝑇̇ 1, 5, 10, 15K min−1

Dirichlet boundary conditions 𝑥-direction
Periodic boundary conditions 𝑦-, 𝑧-direction

experiment. In this limit, Oriani’s local equilibrium assump-
tion effectively becomes a global equilibrium condition, or
equivalently, detrapping and transport kinetics are no longer
rate-limiting. The derivation of the equilibrium TDS curve
is given in Appendix D.

When the GB mobility is zero (i.e., 𝑟M,GB = 0), the
spectrum contains two peaks: a small low-temperature peak,
corresponding to the initial diffusion of lattice-dissolved
hydrogen out of the sample, and a larger peak, corre-
sponding to hydrogen release from GB traps. This situation
corresponds to the grain boundary acting as an isolated trap
meaning that no transport parallel to the GB can occur.
As 𝑟M,GB is increased, both peaks begin to shift. Up to
𝑟M,GB = 0.01, the GB peak remains nearly identical to
the zero-mobility case, while the lattice peak increases
slightly. The latter effect is caused by the GB network
facilitating hydrogen transport out of the sample. When
𝑟M,GB reaches 0.1, the GB peak decreases in intensity and
its local maximum shifts to lower temperatures. When the
GB mobility equals the bulk mobility, the two peaks overlap
significantly. For 𝑟M,GB = 10 the two peaks merge into
a single peak. In this regime, hydrogen release from GB
traps occurs simultaneously with the initial removal of
lattice-dissolved hydrogen. The apparent desorption peak,
therefore, becomes controlled by rapid transport along the
interconnected GB network rather than by bulk diffusion
away from isolated traps. This effect becomes even more
pronounced for 𝑟M,GB = 100. In this case, the spectrum is
nearly identical to the equilibrium TDS curve, indicating
that detrapping and transport kinetics are no longer rate-
limiting at the heating rate used in the simulation.

The resulting room-temperature TDS spectra are shown
in Figure 7. Although a trapping energy magnitude of

Figure 6: Cryogenic TDS spectra obtained for the same
microstructure and different GB mobilities at a heating rate
of 5K min−1, illustrating the effect of varying GB mobility. The
flux is shown only from 100K onward, since no measurable
flux was observed below this temperature.

55 kJmol−1 is usually considered characteristic of a rel-
atively deep trap, sufficiently high GB mobility can shift
the main desorption contribution below room temperature,
making the corresponding peak no longer detectable in
conventional TDS. A similar effect may occur for other
traps that are sufficiently coupled to the GB network, since
fast GB transport can accelerate the removal of hydrogen
released from nearby trapping sites.

Even when 𝑀at,H,GB = 𝑀at,H,B, the effective parallel
transport along the GB is enhanced because the flux contri-
bution scales with 𝑀at,H,GB𝑦H,GB, as shown in Equation 17.
Since 𝑦H,GB ≫ 𝑦H,B for deep hydrogen traps, the GB
can contribute significantly to the total flux even when the
intrinsic atomic mobility is not larger than in the bulk.

Figure 7: Room-temperature TDS spectra obtained for the
same microstructure and different GB mobilities at a heating
rate of 5K min−1. The spectra illustrate the combined effect
of the starting temperature and GB mobility on the TDS
response. At high GB mobility, the GB detrapping peak is
no longer visible.
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These findings have important implications for the in-
terpretation of experimental TDS spectra. In particular, they
demonstrate that GB diffusion can significantly alter peak
positions and peak shapes, potentially leading to misinter-
pretation of trapping energies if diffusion effects are not
properly accounted for. Consequently, TDS peak positions
cannot be interpreted solely in terms of trap binding energy
when traps form an interconnected transport network. In
such cases, the measured peak temperature reflects the cou-
pled influence of trapping thermodynamics, bulk diffusion,
and GB-assisted transport. This issue is examined in more
detail in the following section.

4.2. Kissinger analysis of TDS spectra with grain
boundary diffusion

Another important application of the developed model-
ing framework is its use for inferring GB trapping energies
from TDS spectra. Traditionally, the Kissinger equation
is widely used to estimate trapping energies from TDS
experiments. This approach relies on repeated hydrogen
charging and desorption experiments conducted at different
heating rates, 𝑇̇ . The resulting peak temperatures, 𝑇peak , are
then analyzed using a Choo-Lee or Kissinger-type plot to
extract an apparent activation energy [19, 20]:

𝜕 ln
(

𝑇̇ ∕𝑇 2
peak

)

𝜕
(

1∕𝑇peak
) = −

𝐸a
𝑅

= −
𝐸trap + 𝐸migr

𝑅
.

(23)

Here, 𝐸a denotes the apparent activation energy associated
with the desorption peak. In the classical interpretation, this
activation energy is related to the sum of the trap binding
energy, 𝐸trap, and the migration energy for lattice diffusion,
𝐸migr (=9312 J/mol in this simulation set, see Table 3).

By performing simulations with a known trapping en-
ergy magnitude, 𝐸trap,true = 55 kJmol−1, and varying
the heating rate as summarized in Table 3, the Kissinger
analysis can be applied directly to the simulated spectra.
This makes it possible to assess whether the trapping energy
inferred from the Kissinger equation (𝐸trap,est) corresponds
to the actual trapping energy imposed in the simulations
(𝐸trap,true).

The Choo-Lee plot [20], showing ln
(

𝑇̇ ∕𝑇 2
peak

)

as a
function of 1∕𝑇peak , is depicted in Figure 8. The rates for
𝑟M,GB = 100, were selected to be equal to 20, 25, 30, 40K min−1.
They deviate from those listed in Table 3, since for these
slower heating rates the spectra were too close to equi-
librium, making it impossible to derive activation energies
from them.

The trapping energy can be estimated from the slope
of the fitted curves shown in Figure 8. For 𝑟M,GB ≤ 0.01,
detrapping is dominated by bulk diffusion, and the trap-
ping energy estimated using the Kissinger equation agrees
with the imposed value of 55 kJmol−1 within numerical
accuracy. At higher ratios, however, GB-assisted transport

Figure 8: Choo-Lee plot for simulations with identical GB
trapping energy but different GB mobilities. The trapping en-
ergies estimated from the fitted slopes (𝐸trap,est) are indicated
for each curve. Only at very low or very high grain boundary
mobility, the correct trapping energy is recovered.

contributes significantly to the desorption process. In this
regime, the assumptions underlying the classical Kissinger
interpretation are no longer satisfied, and the extracted
trapping energy deviates strongly from the imposed value.
For 0.1 ≤ 𝑟M,GB ≤ 1, a clear linear relation can no
longer be obtained from the peak temperatures because the
corresponding peaks begin to overlap, depending on the
heating rate, as illustrated in Figure 6 for 𝑟M,GB = 1.

It is important to note that only 𝑟M,GB was varied in
this set of simulations, while the temperature dependence of
the GB mobility was kept unchanged. Therefore, changes
in the Kissinger slope do not originate from a different
prescribed activation energy for diffusion, but from changes
in the mechanism controlling the peak position, including
overlap between the lattice- and GB-related desorption con-
tributions. In the limiting cases where either bulk diffusion
(𝑟M,GB = 0) or GB-assisted diffusion dominates (𝑟M,GB =
100) over the full heating-rate range, the fitted slopes remain
internally consistent. In the intermediate regime, however,
the peak position reflects a changing combination of detrap-
ping, bulk diffusion, and GB-assisted transport, leading to
erroneous activation-energy estimates.

These results indicate that applying the Kissinger equa-
tion to experimental TDS data without accounting for GB
diffusion can lead to substantial errors in the inferred trap-
ping energies. The present modeling framework therefore
provides a more reliable alternative for interpreting TDS
experiments when GB diffusion plays a significant role.
Instead of relying solely on peak positions, the framework
enables trapping and transport parameters to be inferred by
directly simulating the TDS experiment and comparing the
resulting spectra with experimental measurements.

It is worth noting that molecular dynamics and DFT
studies have shown that the relative magnitude of hydro-
gen mobility along GBs depends strongly on the crystal
structure [9, 34, 15]. For some BCC iron GBs, hydro-
gen diffusion along the boundary has been reported to be
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slower than bulk diffusion [9, 34, 15], whereas in some
FCC systems, such as Ni-based systems [15], or Fe-based
systems [9], GBs may provide faster diffusion pathways.
This reinforces the need for material- and microstructure-
specific interpretation of TDS spectra.

5. Application II: Effective diffusion in
polycrystals
Analytical treatments, numerical models and experi-

mental studies of diffusion with trapping commonly in-
troduce an effective diffusion coefficient to describe the
apparent rate of hydrogen transport in alloys [10, 53, 18,
54, 22, 55]. In this section, we examine how the presence
of interconnected trapping sites, in particular GBs, modifies
the effective diffusion behavior at the macroscopic scale.
To this end, a systematic parametric study was performed
in which the average grain size (𝑑grain), GB binding free
energy (Δ𝜇H,b,GB), temperature, and GB mobility of H were
independently varied.

All simulations were conducted on a representative
three-dimensional microstructure with equiaxed grains, dis-
cretized on a 100 × 40 × 40 grid containing 60 grains,
illustrated in Figure 9. Δ𝑥 was varied to obtain different
grain sizes. A small gradient in bulk hydrogen concentration
was imposed along the 𝑥-direction (Dirichlet boundary con-
ditions), while zero-flux (Neumann) boundary conditions
were applied in the 𝑦- and 𝑧-directions.

Figure 9: Illustration of the simulated hydrogen permeation
response. The total hydrogen flux is decomposed into the
GB and bulk contributions. The time lag, 𝑡lag, is determined
at 63% of the steady-state flux level 𝐽H,total,ss. The inset
shows the corresponding three-dimensional hydrogen con-
centration field, expressed as log10(𝑦H), in the simulated
polycrystalline microstructure.

According to the ASTM G148 standard [18], the hydro-
gen flux measured during an electrochemical permeation ex-
periment can be related to an effective diffusion coefficient
using two complementary approaches. The first relies on the
steady-state permeation flux, whereas the second extracts
the diffusion coefficient from the transient permeation re-
sponse [18].

We first define the effective steady-state diffusion coef-
ficient 𝐷eff ,ss, obtained from the steady-state hydrogen flux
𝐽H,total,ss as

𝐷eff ,ss = −
𝐽H,total,ss𝐿𝑥

𝐿y𝐿z(𝐶H,B,x=0 − 𝐶H,B,x=Lx )
, (24)

where 𝐿𝑥, 𝐿𝑦, 𝐿𝑧 is the length of the sample in the x, y,
and z-direction, respectively (see Figure 9). 𝐶H,B,x=0 and
𝐶H,B,x=Lx denote the subsurface bulk hydrogen concentra-
tions at the two ends of the sample.

In the transient permeation method, the effective diffu-
sion coefficient is determined from the time evolution of
the outgoing hydrogen flux. Specifically, the lag time 𝑡lag
is defined as the time required for the flux to reach 63%
of its steady-state value, i.e. 𝐽 (𝑡)∕𝐽H,total,ss = 0.63 [18]
(see Figure 9). The corresponding effective transient-state
diffusion coefficient 𝐷eff ,ts is then given by

𝐷eff ,ts =
𝐿2
𝑥

6𝑡lag
. (25)

In addition, an analytical expression for the effective
diffusion coefficient in the presence of hydrogen traps was
originally proposed by Oriani [10]. Oriani’s formulation
assumes non-interconnected traps and therefore accounts
exclusively for bulk diffusion. In the notation adopted here,
and only considering the grain boundaries as trapping sites
Oriani’s effective diffusion coefficient 𝐷eff ,Or can be written
as (see Appendix E)

𝐷eff ,Or ≈ 𝐷H,B
1

1 +
𝑦H,GB𝑉GB

𝑦H,B(𝑉 − 𝑉GB)
(1 − 𝑦H,GB)

, (26)

where 𝑉 and 𝑉GB are the total system volume and the total
GB volume, respectively.

For each simulation, all three effective diffusion co-
efficients were evaluated. The results are presented in
non-dimensional form to ensure generality across material
systems with equiaxed, single-phase microstructures. Fig-
ures 10a-c show the steady-state, transient-state, and Oriani
effective diffusion coefficient, respectively.

The steady-state diffusion coefficient 𝐷eff ,ss (Figure 10a)
increases with decreasing grain size and increasing GB
mobility, reflecting the growing contribution of fast GB
transport pathways. A non-monotonic dependence on trap-
ping free energy and temperature is also observed. At
high trapping energies, GB sites become nearly saturated,
reducing the availability of interstitial vacancies and thus
diminishing GB diffusivity. Conversely, at very low trapping
energies, the GB hydrogen concentration remains small,
leading again to a limited contribution to the total flux. As
a consequence, 𝐷eff ,ss exhibits a maximum at intermediate
trapping energies and temperatures. When the GB mobility
is set to zero, 𝐷eff ,ss correctly reduces to the bulk diffusion
coefficient 𝐷H,B. Notably, even for 𝑟M,GB = 10−3, GBs
already provide a substantial contribution to the steady-state
flux, at intermediate trapping energies and temperatures.
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Figure 10: Non-dimensionalized steady-state (a), transient-
state (b), and Oriani (c) effective diffusion coefficients, for a
varying GB mobility ratio, average grain sizes, temperatures,
and trapping energies. (d) Depicts the logarithmic sum of the
steady-state and Oriani effective diffusion coefficient. The 3D
plots are intended mainly as illustrative overviews; detailed
contour plots for each value of 𝑟M,GB are provided in the
supplementary materials.

The effective transient-state diffusion coefficient 𝐷eff ,ts
(Figure 10b) is consistently lower than 𝐷eff ,ss. This re-
duction arises from the finite time required to fill the GB
traps. This effect is captured by Oriani’s effective diffusion
coefficient (Figure 10c), which is always smaller than 𝐷H,B
and exhibits its strongest reduction at small grain sizes
and intermediate trapping energies and temperatures. In this
regime, traps are sufficiently strong to delay diffusion, yet
not so strong that they become rapidly saturated.

The relationship between these three effective diffusion
coefficients is elucidated in Figure 10d, which shows the
logarithmic sum of 𝐷eff ,ss and 𝐷eff ,Or . Comparison with
Figure 10b reveals the approximate relation:

log10

(𝐷eff ,ts

𝐷H,B

)

≈ log10

(𝐷eff ,ss

𝐷H,B

)

+log10

(𝐷eff ,Or

𝐷H,B

)

.

(27)

This scaling indicates that the delay associated with trap
filling is partially compensated by enhanced long-range
transport through the GB network. In this interpretation,
𝐷eff ,Or quantifies the retarding effect of trapping, while
𝐷eff ,ss captures the contribution of GB-assisted diffusion.
Their combined effect governs the transient permeation
response. Consequently, discrepancies between 𝐷eff ,ss and
𝐷eff ,ts provide direct insight into trapping kinetics, whereas
the absolute magnitude of 𝐷eff ,ss reflects the efficiency of

GB transport. A remaining experimental challenge lies in
the accurate determination of the subsurface concentrations
𝐶H,B,x=0 and 𝐶H,B,x=Lx .

Finally, Appendix F presents a fitted analytical expres-
sion for 𝐷eff ,ss based on six non-dimensional coefficients.
Owing to its fully non-dimensional form, this relation can be
readily applied to a wide range of materials with equiaxed,
single-phase microstructures. Experimental validation of
this relation will be addressed in future work.

6. Conclusions
In this work, a quantitative phase-field model was de-

veloped to describe hydrogen diffusion, GB trapping, and
GB-assisted transport in polycrystalline alloys. By com-
bining thermodynamic and kinetic input parameters with
an explicit phase-field representation of the microstructure,
the model enables the coupled effects of trapping, bulk
diffusion, and GB-assisted transport to be quantified. The
main conclusions are as follows:

• GBs affect hydrogen transport not only by acting as
trapping sites, but also by forming interconnected
diffusion pathways. When the GB mobility is non-
negligible relative to the bulk mobility, even if it is
several orders of magnitude smaller, hydrogen trans-
port and release kinetics are governed by a coupled
interplay between detrapping, bulk diffusion, and GB-
assisted diffusion. Classical diffusion-trapping mod-
els that assume isolated traps may therefore be in-
sufficient to describe the diffusion behavior. In such
cases, the connectivity of the trap network must be
considered explicitly, as enabled by the proposed
framework.

• The proposed phase-field formulation is quantitative
with respect to numerical interface scaling. It pre-
serves the physical GB volume and the associated
number of trapping sites independently of the chosen
diffuse-interface thickness. Benchmark simulations
confirmed that equilibrium trapping, fluxes perpen-
dicular and parallel to GBs, and upscaled desorption
behavior remain invariant with respect to numerical
interface scaling. This distinguishes the formulation
from existing phase-field models in which the nu-
merical interface thickness influences the predicted
transport behavior.

• A novel set of benchmark problems is proposed
for phase-field models that describe grain boundary
diffusion and trapping.

• TDS simulations showed that GB diffusion can sig-
nificantly shift peak positions and alter peak shapes.
As a result, Kissinger-type analyses yield reliable
trapping energies only when GB diffusion does not
contribute appreciably to hydrogen transport. Even
modest GB mobility can lead to systematic errors in
the inferred trapping energy.
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• GB-assisted transport can shift the detrapping peak
to lower temperatures, approaching the equilibrium
TDS limit in which detrapping and transport are no
longer rate-limiting.

• In permeation simulations, the effective diffusion co-
efficient was shown to depend on both the mea-
surement method and the microstructure. The effec-
tive diffusion coefficient extracted from the lag time
is affected by trap filling, bulk diffusion, and GB
diffusion, whereas the effective diffusion coefficient
extracted from the steady-state flux is governed pri-
marily by bulk and GB transport.

• Oriani effective diffusion coefficient, which accounts
for trap filling and bulk diffusion but not connected
GB transport, can become inaccurate even for limited
GB mobility.

• The effective steady-state diffusion coefficient was
evaluated over a broad parameter space, and an an-
alytical expression was fitted using non-dimensional
variables. This expression provides a practical route
to incorporate microstructural parameters, such as
grain size, trapping energy, physical GB thickness,
and GB mobility, into macroscopic hydrogen trans-
port and embrittlement models.

Several limitations of the present model should be noted.
The microstructure is assumed to be static, and mechanical
effects such as stress-assisted diffusion are neglected. Fur-
thermore, GBs are the only trapping sites considered in the
current implementation. The simulations were conducted
on single-phase, equiaxed polycrystalline microstructures
with uniform GB properties. Nevertheless, the framework
is flexible and can be extended to incorporate distinct GB
properties, multiphase materials, non-equiaxed microstruc-
tures, and additional trapping sites.

7. Future work
The proposed framework opens several promising direc-

tions for future work. Physically grounded input parameters
for GB hydrogen mobility and trapping free energy can
be obtained through systematic comparison with atomistic
simulations [9, 34]. The model can also be extended to ac-
count for heterogeneous GB properties [26, 13], additional
trapping sites such as dislocations, vacancies, precipitates,
and second-phase interfaces, as well as mechanical effects
such as stress-assisted diffusion and hydrogen-stress cou-
pling. In parallel, the framework provides a basis for re-
evaluating existing TDS datasets with explicit consideration
of microstructural transport pathways [13], and for devel-
oping combined TDS-permeation methodologies that allow
trapping thermodynamics and GB mobility to be identified
more independently. These developments can strengthen the
link between experimental characterization, microstructure-
resolved modeling, and predictive hydrogen embrittlement
assessment.
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Appendix A: Numerical evaluation of 𝐶int
To obtain the interface normalization factor 𝐶int , a set

of numerical simulations were performed for a system
containing a single flat grain boundary, represented by an
equilibrium phase-field profile with a hyperbolic tangent
shape [28]. The total GB volume was calculated using
Equation (8), in which ℎGB was calculated using Equation
(7), with an initial estimate of 𝐶int . This value was then iter-
atively refined until the GB volume obtained by numerical
integration matched the physical GB volume, 𝐴GB𝑡int,phys.
The calculation was repeated for different normalized in-
terfacial thicknesses (𝜆̃). The resulting values of 𝐶int are
shown in Figure 11. The value of 𝐶int(𝜆̃) decreases from
6.93 at the true GB scale, 𝜆̃ = 1, to 2.55 at larger scales.
These values are purely geometrical and depend only on
the chosen order-parameter profile. In the present work,
this profile has a hyperbolic tangent shape, which follows
from the double-well potential. Other choices of the phase-
field potential, such as a double-obstacle potential, would
lead to a different value of 𝐶int(𝜆̃). The MATLAB script
used for this calculation is available in the supplementary
materials [45].

Appendix B: Numerical solution procedure
At each time step and grid point of the simulation,

the first auxiliary equation for the KKS method, the mass

Feyen et al.: Preprint submitted to Elsevier Page 15 of 20



A quantitative phase-field model for grain boundary trapping and diffusion of hydrogen

Figure 11: Interfacial constant as a function of the normal-
ized interfacial thickness.

balance Equation (See Equation (3)) and the second aux-
iliary equation, the local equilibrium condition (see Equa-
tion (10)) need to be solved simultaneously. Using the
thermodynamic descriptions given by Equation (11) and
(12), Equation (10) can be rewritten as:

𝑦H,GB =
1 − 𝑦I2,GB − ...

1 +
1−𝑦H,B−𝑦I2 ,B−...

𝑦H,B
exp

(Δ𝜇H,b,GB
𝑅𝑇

)

=
1 − 𝑦I2,GB − ...

1 +
1−𝑦H,B−𝑦I2 ,B−...

𝑦H,B
𝐾GB

.
(B.1)

Here, 𝐾GB is the equilibrium constant, determined by the
hydrogen binding free energy of the GB and the temper-
ature, introduced here to improve the readability of the
equations. It is commonly assumed that both the GB and
bulk hydrogen site fractions are small, i.e., 𝑦H,GB << 1
and 𝑦H,B << 1. However, this assumption is not generally
valid. For example, in the presence of strong trapping, the
GB site fraction may approach unity (i.e., 𝑦H,GB → 1). For
this reason, no low-concentration approximations are made
in the present model.

Substituting Equation (B.1) into the mass balance rela-
tion (Equation (3)) yields:

ℎB𝑦H,B +
ℎGB

(

1 − 𝑦I2,GB − ...
)

1 +
1−𝑦H,B−𝑦I2 ,B−...

𝑦H,B
𝐾GB

− 𝑦H = 0 (B.2)

Solving this nonlinear equation for 𝑦H,B at each grid point
would, in principle, require the use of an iterative solver.
In the present work, however, a simpler explicit finite-
difference approach based on forward Euler time stepping is
employed. Taking the time derivative of Equation (3), using
the definitions of Equation (11) and (12) and assuming the
GBs do not move (i.e. 𝜕ℎGB∕𝜕𝑡 = 0 and 𝜕ℎB∕𝜕𝑡 = 0),
and, for clarity, considering hydrogen as the only interstitial

species, leads to:

d𝑦H
d𝑡

=ℎB
d𝑦H,B
d𝑡

+ ℎGB
d𝑦H,GB(𝑇 , 𝑦H,B)

d𝑡

=ℎB
d𝑦H,B
d𝑡

+ ℎGB

(

(𝜕𝑦H,GB
𝜕𝑦H,B

)

𝑇

d𝑦H,B
d𝑡

+
(𝜕𝑦H,GB

𝜕𝐾GB

𝜕𝐾GB
𝜕𝑇

)

𝑦H,B

d𝑇
d𝑡

)

=

(

ℎB + ℎGB
𝐾GB

(

𝐾GB(1 − 𝑦H,B) + 𝑦H,B
)2

)

d𝑦H,B
d𝑡

− ℎGB
𝑦H,B(𝑦H,B − 1)

(

𝐾GB(1 − 𝑦H,B) + 𝑦H,B
)2

Δ𝜇H,b,GB
𝑅𝑇 2

𝐾GB
d𝑇
d𝑡

=𝐹A
d𝑦H,B
d𝑡

+ 𝐹B
d𝑇
d𝑡

(B.3)

Thus:

d𝑦H,B
d𝑡

=
d𝑦H
d𝑡 − 𝐹B(𝑇 , 𝑦H,B,Δ𝜇H,b,GB)

d𝑇
d𝑡

𝐹A(𝑇 , 𝑦H,B,Δ𝜇H,b,GB)
(B.4)

This expression relates changes in the bulk hydrogen con-
centration to changes in the total hydrogen concentration.
At each time step, the evolution of the total hydrogen site
fraction is calculated using the diffusion Equation (14).
Using this value and the local heating rate (d𝑇 ∕d𝑡), the
bulk hydrogen site fraction evolution is computed from
Equation (B.4). Hereafter, the GB hydrogen site fraction is
recovered using Equation (B.1).

Appendix C: Grain boundary trapping with
perpendicular flux

For transport perpendicular to a GB, the kinetics are
governed by the imposed boundary conditions and the
bulk diffusion coefficient. In this benchmark, a constant
hydrogen concentration 𝐶0 is applied at one end of the
simulation domain, while Neumann (zero-flux) boundary
conditions are imposed at the opposite end. By neglecting
the finite time required to fill the GB itself (achieved here by
reducing the trapping energy to minimize this contribution,
and increasing the size of the simulation in the x-direction),
an analytical solution to Fick’s second law can be obtained
for comparison [46]:

𝐶 =𝐶0 −
4𝐶0
𝜋

∞
∑

𝑛=0

(−1)𝑛

2𝑛 + 1
exp

{

−𝐷(2𝑛 + 1)2 𝜋
2𝑡

4𝑙2

}

cos
(

(2𝑛 + 1)𝜋𝑥
2𝑙

)

.

(C.1)

The numerical results are shown in Figure 12. For all tested
spatial dimensions and GB mobilities, the total concen-
tration in the system at the time when 95% of the final
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Figure 12: Relative error in the total hydrogen concentration
when 95% of its equilibrium value is reached, compared
with the analytical concentration evolution predicted by Fick’s
second law, neglecting the finite GB filling time.

equilibrium concentration is reached, is accurately predicted
by the model (all curves overlap). Overall, this benchmark
confirms that the proposed framework correctly captures
the kinetic behavior of hydrogen transport perpendicular
to GBs. An analogous analytical solution for the transient
filling of a GB by diffusion parallel to the boundary could
not be identified; therefore, a corresponding benchmark was
not included.

Appendix D: Equilibrium TDS
This appendix briefly describes the calculation of the

equilibrium TDS response. In equilibrium at a given tem-
perature 𝑇 and hydrogen partial pressure 𝑃H, the chemical
potential of hydrogen in the gas phase, 𝜇H,G(𝑃H, 𝑇 ), is equal
to the chemical potential of hydrogen in the bulk phase,
𝜇H,B, given by Equation 11. This condition leads to the
following equilibrium bulk lattice site fraction:

𝑦H,B,e(𝑃 , 𝑇 ) =
1

1 + exp
(𝜇H,B,0(𝑇 )−𝜇H,G(𝑃H,𝑇 )

𝑅𝑇

) . (D.1)

The expression for 𝜇H,G(𝑃H, 𝑇 ) was obtained by a fitting
procedure to the TCFE13 database from ThermoCalc [39].
At equilibrium, the chemical potential of hydrogen in the
bulk phase is also equal to the chemical potential of hydro-
gen in the GB phase, 𝜇H,GB, given by Equation (12). This
gives the equilibrium GB site fraction:

𝑦H,GB,e =
1

1 + 1−𝑦H,B,e
𝑦H,B,e

exp
(Δ𝜇H,b,GB

𝑅𝑇

) . (D.2)

For an attractive GB trap, Δ𝜇H,b,GB < 0, so that the GB site
fraction is larger than the bulk lattice site fraction. The total
amount of hydrogen in the sample (𝑁H), in equilibrium with
a given temperature and hydrogen partial pressure, is then

given by:

𝑁H = (𝑉 − 𝑉GB)𝐶H,B + 𝑉GB𝐶H,GB

= 𝑉
𝑉m

𝑓lattice

[(

1 −
𝑉GB
𝑉

)

𝑦H,B,e +
𝑉GB
𝑉

𝑦H,GB,e

]

.

(D.3)

Here 𝑉GB is the total GB volume. The corresponding equi-
librium TDS flux (𝐽TDS,eq) is obtained from the rate of
change of the total hydrogen content during heating. If the
desorption flux is defined as positive when hydrogen leaves
the sample, this gives:

𝐽TDS,eq = −
𝜕𝑁H(𝑇 , 𝑃 )

𝜕𝑇
𝑇̇ . (D.4)

Here, 𝑇̇ represents the heating rate during the TDS ex-
periment. In this expression, it is assumed for simplicity
that the bulk and GB site fractions are spatially uniform.
This approximation corresponds to the equilibrium limit,
in which detrapping and transport are sufficiently fast that
concentration gradients within the sample remain negligible
during heating.

Appendix E: Oriani’s equation
A brief derivation is provided below to illustrate the

transformation of Oriani’s original equation into the nota-
tion adopted in the present work. The trap-occupancy 𝜃𝑇
is equal to the lattice site fraction of hydrogen in the GB,
𝑦H,GB, and the average concentration of trapped and lattice-
bound hydrogen (𝑐T and 𝑐L) can be obtained via integration
of Equation (2) multiplied by the respective volume fraction
(ℎGB and ℎB) over the total volume 𝑉 :

𝐷eff ,Or = 𝐷𝐿
𝑐L

𝑐L + 𝑐T(1 − 𝜃𝑇 )

= 𝐷H,B
1

1 + 𝑐T
𝑐L
(1 − 𝑦H,GB)

= 𝐷H,B
1

1 + 𝑉𝑚 ∭ 𝑓latticeℎGB𝑦H,GB𝑑𝑉
𝑉𝑚 ∭ 𝑓latticeℎB𝑦H,B𝑑𝑉

(1 − 𝑦H,GB)

= 𝐷H,B
1

1 + ∭ ℎGB𝑦H,GB𝑑𝑉
∭ ℎB𝑦H,B𝑑𝑉

(1 − 𝑦H,GB)

≈ 𝐷H,B
1

1 + 𝑦H,GB𝑉GB
𝑦H,B(𝑉 −𝑉GB)

(1 − 𝑦H,GB)
.

(E.1)

Here 𝑉GB is the total GB volume. In the final equation,
it is assumed for simplicity that the lattice site fractions
in the GB and bulk regions are spatially constant. This
approximation is justified when only small concentration
gradients are present within the system.
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Appendix F: Analytical expression for the
effective steady-state hydrogen diffusion
coefficient

An analytical expression was fitted to the simulated
effective hydrogen diffusion coefficient relative to the bulk
diffusion coefficient as a function of trapping energy, tem-
perature, average grain size, physical GB thickness, and the
ratio between GB and bulk mobility. The resulting formu-
lation is fully dimensionless and is therefore applicable in a
general manner across different material systems. The fitted
relationship is given by:

𝑧 = 𝐴(𝑥, 𝑦) exp
(

𝑤 − 𝐶4
𝐶5 + 𝐶6𝐴(𝑥, 𝑦)

)

, (F.1)

where

𝐴(𝑥, 𝑦) =

{

𝐶1 + 𝐶2𝑥 + 𝐶3𝑦, 𝐶1 + 𝐶2𝑥 + 𝐶3𝑦 > 0,
0, 𝐶1 + 𝐶2𝑥 + 𝐶3𝑦 ≤ 0,

(F.2)

with

𝑤 = log10

(

exp
(Δ𝜇H,b,GB

𝑅𝑇

))

𝑥 = log10

( 𝑑grain
𝑡int,phys

)

𝑦 = log10

(𝑀at,H,GB,0

𝑀at,H,B,0

)

𝑧 = log10

(𝐷eff ,ss

𝐷H,B

)

.

(F.3)

Here, 𝑑grain denotes the average grain size, 𝑡int,phys the
physical GB thickness, 𝑀at,H,GB,0 the GB atomic mobility
factor, and 𝑀at,H,B,0 the bulk (lattice) mobility factor. This
expression only holds for 𝑀at,H,GB,0 > 0, since log10(0) is
undefined. The fitted coefficients are listed in Table 4 and
the results are depicted in Figure 13. This expression can
be directly implemented in macroscopic hydrogen transport
and hydrogen embrittlement models, together with Oriani’s
original equation, to provide microstructure-informed effec-
tive diffusion coefficients, offering a quantitative alternative
to classical trapping-based formulations.
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